Space of formal balls a b s t r a c t
Introduction
We assume throughout a familiarity on the part of the reader with basic notions of domain theory and the related topology, as they may be found, for example, in [1] or [3] . A basic treatment of the domain of closed formal balls of a complete metric space may be found in [3, , while a more detailed treatment appears in [2] . The definition and basic properties of FS-domains may be found in Section II-2 of [3] .
The formal ball domain
We recall that for a metric space (X, d), the domain of closed formal balls is given by
When the metric d is complete, then the poset BX is a dcpo, indeed a domain(= continuous dcpo) with the approximation order given by
Recall that a subset A of a metric space is totally bounded if for each ε > 0, every open cover of A by open balls of radius ε has a finite subcover. Proof. By [3, Proposition V-6.9] BX is a countably based domain, and hence so is BX ⊥ . Fix some point p ∈ X . For each n ∈ N,
(x, r)) and ⊥ otherwise. We claim that δ n is finitely separating. By hypothesis there exists a finite set {x i : 
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We establish that the family
) for some i. Also r < n, so m−2 3n
for some
In the case that d(p, x) + r ≥ n, we have δ n (x, r) =⊥ (x, r), so ⊥ separates (x, r) from its image under δ n . Next we verify that each δ n is Scott-continuous. One sees directly that it is order-preserving. Suppose that (x j , r j ) is an increasing sequence with supremum (x, r), where d(p, x) + r < n. By computations in [2, Theorem 5] or [3, Example V-6.8] it follows that x j → x and {r j } is a decreasing sequence converging to r. Now δ n (x j , r j ) = (x j , r j + (1/n)) is an increasing sequence, hence must have a supremum (y, s), and then y = lim j x j = x and s = lim j r j + (1/n)
Since the order on the function space is defined coordinatewise, one sees directly that n ≤ m implies δ n ≤ δ m and that the supremum of the sequence {δ n } is the identity map on BX .
Remark 2. (i)
If in a complete metric space every closed ball is totally bounded, then every closed ball is compact. Fixing some point p, the sets {B(p, n) : n ∈ N} form a countable cover of X by compact sets. Thus X is σ -compact, hence Lindelöf, hence separable. Thus the hypothesis of separable is superfluous in the previous proposition.
(ii) If in a complete metric space the closed and bounded sets are compact, then they are totally bounded, and hence the space satisfies the hypothesis of the preceding proposition. Thus for a compact metric space X or for euclidean space
(iii) In a Banach space, the correspondence (x, r) ↔ B(x, r) is an order-isomorphism between the poset of formal closed balls and the collection of closed balls (including those of radius 0) ordered by reverse inclusion. Thus the preceding proposition applies to the space of closed balls (including those of radius 0) in the case of R n with any norm-induced metric.
